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Abstract. Selfadjoint Sturm-Liouville operators H u on Z/2(a, b) with random 
potentials are considered and it is proven, using positivity conditions, that for 
almost every ui the operator does not share eigenvalues with a broad family 
of random operators and in particular with operators generated in the same 
way as but in L2(a, b) where (a, b) C (a, b). 



1. Introduction 

This note is about eigenvalues of selfadjoint operators in Hilbert space L-2.{a, 6), 
(-co < a, b < oo) which are generated by expressions of the form 

where u>(n) are independent random variables with continuous (may be singular) 
probability distributions. The operators considered here are in a sense more general 
than the Anderson type model, which normally requires the random variables to 
be identically distributed. 

For Schrodinger and Jacobi operators with ergodic potentials it is well known 
that the probability of a given A € R to be an eigenvalue is zero (see [3] ) . The same 
holds for the operators mentioned above, when A is independent of id. In case 
A depends on u = {w(n)} ra6 /, the number X(u>) could be an eigenvalue of H u for 
every w. Nevertheless it will be proven below that if the point A is independent of 
one entry a; (no), but depends otherwise arbitrarily on the sequence u), then X(u>) is 
almost surely not an eigenvalue of H u , provided f no is positive in an interval. From 
here it will follow that H u does not share eigenvalues with a large class of random 
operators. 

There are interesting relations between the spectra of selfadjoint operators gen- 
erated in different Hilbert spaces through the same fixed differential expression. 
The spectrum of an operator H defined on an L 2 (a,6), for example, may be ap- 
proximated by the spectrum of regular problems H n generated through the same 
differential expression as H but defined on L2{a n ,b n ) where (a n ,b n ) are subinter- 
vals of (a, b). In fact eigenvalues of H are limits of eigenvalues of H n if a n — > a 
and b n — » b (see [10]). Here i show in a probabilistic context, that eigenvalues 
of operators defined in the same way as H^, just in a different L2 spaces, are not 
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eigenvalues of H u almost surely. In particular the regular operators fl un mentioned 
above, only share eigenvalues with in a set of uj's with zero measure. 

This work is organized as follows. In section [5] a generalization of a classical 
result is presented, about the set of parameters A where an operator H\ has a 
given eigenvalue. In section[3]the operators are introduced in a probabilistic setting 
and it is proven that they do not share eigenvalues with other families of random 
operators. In section |4] particular cases are mentioned, where previous theorems 
can be applied. 



2. Preliminaries 
Let us consider Sturm-Liouville differential expressions 

d 2 

(2.1) (tu)(x) = — u(x) + q(x)u(x) where x £ (a, 6) 

ax 

and q is a real valued locally integrable function, assume the limit point case occurs 
at a or that r is regular by a and the same possibilities for the point b. For these 
concepts see [TT]. Let 

D T = {u £ L 2 (a,6) : u,u/ absolutely continuous in (a, b), rf £ L 2 (a,6)} 

and consider the selfadjoint realization H of r on L^{a, b) defined as 

(2.2) Hu = tu 

{u{a)cos{a) + uf(a)sin(a) = in case r regular by a j 
^ T u(b)cos(f3) + u/(b)sin(0) = in case r regular by 6 J 

Let / : (a, b) — ► R be an integrable function such that 

> for almost all x <E (c, d) 



(2.3) f{x) 



otherwise 



where [c,d] C (a, b). In the expression for r, set q(x) = v(x) + Xf(x) with A e K 
and w is a fixed locally integrable function. Denote the operator generated by this 
potential with H\. For 7, 6> € [0, 7r) let us define the regular operator ii^ 7 in £2(0, 
as the operator generated through the same differential expression as H\ and the 
boundary conditions 

(2.4) u(c)cos(9) + ul{c)sin(6) = 

(2.5) u(d)cos(~/) + u/(d)sin(~/) = 

For fixed Eel define 

A(E) := {A e E : Ha¥> = for some ^ ^ 0} 
The eigenvalues of an operator if will be denoted by <J P (H) that is 
cr p (H) :— {r £ R : = rtp for some </? ^ 0} 
I shall need the following 
Lemma 1. Assume A(E) ^ 0. There exist 0o,Jo £ [0, 7r) suc/i </ia< 

A e i4(£0 ^(#a 070 ) 
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Proof. Take A G A(E). Then H\ ip = Etp for some tp E D(H\ ). Let 6 , 70 G [0, 7r) 
be the points where 

(2.6) if(c)cos(9 ) + tp/(c)sin(6 ) = 

(2.7) tp(d)cos(j ) + tfl(d)sin("{ ) = 

hold. 

=>) If A = Ao the assertion follows straightforward since H x ° o 10 tp = Eif. If 
A G A, A ^ Ao, then H\i/j — Etp for some i/j ^ 0. Therefore, there exist 0, 7 G [0, 7r) 
such that boundary conditions 12 .41 and 12.51 hold for ip. If we prove that 8 = 80 and 
7 = 70 then H e x <n "iP = Etp and therefore E G a p {H e x (no ). Let us prove 7 = 7o . The 
proof for is analogous. 

a) Assume limit point case (lpc) at b. . If 7 ^ 70 then ip and <£> are linearly 
independent in [d, b) since ip = kf for a Constant A: would imply 7 = 70. Therefore 
any solution u of tu = _E« in [d, 6) can be written as u = c\f + cofip. Since ip and ip 
are in Li ,then u is in too and we get a contradiction to the lac condition. This 
argument is analogous to the one given in [5] p. 429 . 

b) Assume b is regular. Then the vectors tp and if) defined above satisfy 

u(b)cos{0) + u/(b)sin((3) = 

and the equation 

tu = Eu for x G [d, b] 

because f vanishes outside (c,d) (condition 12. 3p . Therefore W(tp,tp)(b) = where 
W denotes the Wronskian. This implies linear dependence between tp and i/j and 
therefore 7 = 70- 

<=) The proof is similar to the one given in [S] p. 428 . The details are left to 
the reader. This direction will not be needed in the rest of this paper. □ 

The following theorem presents a generalization of a classical result. See theorem 
8.3.1 of or theorem 8.26 of [TT] . 

Theorem 1. For any fixed E G M, the set A(E) is at most countable. 

Proof. For fixed E there is at most a countable set of A for which E G (Tp(iJ^ o7 °), 
see for example theorem 8.3.1 [2]. The result follows then from LemmEQ] □ 

3. MAIN RESULT 

Fix ni, TI2 in Z U {00} U {-co}, m < ni and define an interval / of Z as follows 

I = {n G Z : m < n < 712} 

The linear space of real valued sequences {ui(n)} ne i will be denoted by M J . Let 
us introduce a measure in IR 7 as follows. Let {p n } n ^i be a sequence of arbitrary 
probability measures on R and consider the product measure P = x n eiPn defined 
on the product u-algebra T of M. 1 generated by the cylinder sets, i. e, by sets of 
the form {tu : G A\, . . . ,co(i n ) G A n } for ii,...,i n El, where A\, . . . ,A n are 

Arel's sets in R. A measure space f2 = (M. 1 , T, P) is thus constructed. 

For to E f2 construct the function 

<L( X ) = ^2u(n) f n (x) 
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In the expression 12. II set 

q(x) = q u (x) = v(x) + q~ w {x) 

where v and /„ are measurable locally L\ functions. Denote the corresponding 
operator H in 12.21 bv H^. 



Remark 1. In order to have a selfadjoint operator H u for all lu G f2 some 
conditions have to be imposed on q. In case a = — oo, b = oo the condition 
J—m \o_ix)\dx = 0(N 3 ) as N — * oo will assure limit point case at a and b, for 
example. I shall assume that H u is a family of selfadjoint operators for all to G CI. 

Definition 1. See [8] 

A family {A^,}^^ of selfadjoint operators is measurable if for all vectors ip,ip 
the mapping 

w-</(fr w v,v> 

is measurable for any bounded Borel function 

/ : C^C 

Remark 2. If the operators H u defined above are selfadjoint for all lu G ft, the 
Trotter product formula give us mesurability for the random operator H u . This 
follows by an argument similar to Prop. 2 of [8] or Prop. V.3.1 of [3 a . In particular 
the functions 

are measurable for fixed Borel sets A and vectors ip, ip, where Eh^ denotes the 
spectral projections of H u . 

Observe that the proof of the next theorem in particular implies that any fixed 
point is eigenvalue of with P probability zero. 

Theorem 2. Let be a family of selfadjoint operators in L,2(a,b) defined as 
above 

d 2 

H u = -— + v(x) + 22 u(n)f n (x) 
dx neicz 

For a given interval [c, d] C (a, b) assume there is uq G I such that /„„ (x) > 
for almost all x G (c, d) and f no (x) = if x (c,d). Suppose the probability 
distribution p no of the random variable lu(uq) is continuous (pn {{f}) = for any 
r G WL). Let be any family of measurable selfadjoint operators such that o v (Jj) 
is independent ofw(no). Then 

P({w G Q : Op( JJ) n <r p {H u ) f 0}) = 

Proof. Fix any ip G L 2 (a,b) and define /x wv ,(A) = (Ejj kl (A)(p,(p), where as before 
Eh^ denotes the spectral projection of H u and A is any Borel set. The function 

is measurable, see Corollary 3.1 [5] . This is consequence of a remarkable result about 
the existence of a measurable enumeration of eigenvalues [7]. Applying Fubini's 
theorem we get 

(3.1) (J u ))dP = J eflP(di) J ^ v (o- p (Ju))dp no (u}(n Q )) 

l'\(»o) R 
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where u> = u)(n)5(n). Since the measure p no is continuous and Huip{{r}) > 

nel\{n } 

implies that r is an eigenvalue of H u (with eigenvector Ejj u ({r})ip), from theorem 
[T]it follows that 

Hu V ({r})dp no (u(no)) = 



for any fixed rel. Therefore, if cr p (J w ) = U^r^o;) then 

/^ ¥ >(o'p(^))rfPno( w ("-o)) = / fJ>ui<p(U%Lin(u))dp no (uj(Tl )) < 



~ oc oc „ 

TCP 2—1 i = 1 TTj) 



= 



Recall that cr p (J w ) does not depend on a; (no). Hence the expression in 13.11 equals 
zero and 

(3.2) AwOpW) = 

for a.e. w£0. 

Now assume that has simple spectrum for all u S O. This happens if lpc 
holds at most at one of the end points a, 6. Denote by g u a generating vector 
corresponding to H u and let {<7i}i^i be an orthonormal basis of L 2 (a,b). Then 
ffw = <k(w)9i and using [3?2lwe get 

Viog u (<?p(Ju,)) = (EH u {(Tp(Ju,))9u,gu>) = ^2d(u) C j {uj){E H ^{<y p {J lAj ))g i ,g j ) = 

i,j 

for a.e. to. 

Since g^ is a generating vector, a point r S K is an eigenvalue of -ff^ if and only 
if l^ug^ ({ r }) > 0. Thus the theorem follows in case has simple spectrum. 

In case has multiplicity two, (the only other possible case), assume {g u \, ^2} 
is a generating basis (see pQ for these concepts) . From l3.2l we have (a p ( J w )) = 
for j — 1,2. Since a point r 6 K is eigenvalue of if and only if /V)gj({f}) > 
for j = 1 or 2, the conclusion of the theorem follows. □ 

Remark 3. The result can be generalized. Instead of o~ p (J u ) we could take Uirj(w) 
where ri(u>) are measurable functions which do not depend w(no). In particular we 
can take just one function r with this property and get that r(oj) is not eigenvalue 
of H u almost surely. 

4. Applications 



I mention briefly some applications. Let us consider the operator 

dx 



(4.1) H u = ~+v(x) + ]T «(n)/„( 



Assume there is an infinite set A C / such that the sequence of measurable functions 
{fmjicA satisfy 



fm (x) 



> for almost all x £ (ci,di) 
= otherwise 
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where {(ci,di) : i £ N} is a collection of disjoint intervals in (a, b). Assume the 
probability distributions {p ni }ieA introduced in section [3] are continuous. Take a 
subinterval (a, b) C (a, b) which may be bounded or unbounded, such that (cj, dj) fl 
(a, 6) = for some i € N and define the operator as in 14. II in the space L 2 (a, b). 
Let this operator be J u in theorem O Then this theorem can be applied and we 
conclude that the operator H u defined in L 2 (a,6) does not share eigenvalues with 
the same operator on L 2 {a, b), almost always. 

Let us consider another application to the same operator 14.11 Fix n £ I and 
take r(u>) = h(uj(n)) in Remark [31 where h is a real valued measurable function. 
Then F({u £ Q : h(uj(n)) £ cr p (i/ w )}) = 0. That is, almost surely h(ui(n)) is not 
an eigenvalue of H UJl for any fixed n. We could take h as the identity, for example. 
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